Abstract. We define the orbit category for topological transitive groupoids and their equivariant CWcomplexes. By using these constructions we define equivariant Bredon homology and cohomology for actions of transitive topological groupoids. We show how these theories can be obtained by looking at the action of a single isotropy group on a fibre of the anchor map, which extends equivariant results for compact group actions. We also show how this extension from a single isotropy group to the entire groupoid action can be applied to the structure of principal bundles and classifying spaces.
Introduction
A groupoid, defined to be a small category where all arrows are invertible, is a natural generalization of a group. Topological groupoids and Lie groupoids arise naturally in many subjects such as bundle theory, C * algebras, and mathematical physics. One of the simplest examples is the pair groupoid of a topological space X, whose objects are points of X and whose arrows are given by pairs (x 1 , x 2 ) ∈ X × X with composition defined by (x 1 , x 2 )(x 2 , x 3 ) = (x 1 , x 3 ).
In this paper, we focus on the case of topological transitive groupoids of which the pair groupoid is an example), where all objects are connected by arrows. These groupoids have been studied in various contexts. An important class of examples of topological groupoids is the gauge groupoids associated to principal bundles, which are transitive [8] . Work has been done on studying the structure of transitive groupoids and classifying them; see for example [20] who studied Hilbert's fifth problem for transitive groupoids, and Mackenzie and Androulidakis [15, 1, 2] who used them in classifying principal bundles. The related case of transitive Lie algebroids has also been extensively studied, see for example [9, 17] .
When looking at actions of compact groups, equivariant homotopy theory has developed a wide range of tools. Bredon homology and cohomology theories, first defined by [3] have proved to be one of the most versatile, allowing fixed set information to be incorporated. This has led to results in equivariant obstruction theory, orientation theory and covering spaces among others [5, 7] .
In this paper, we generalize Bredon homology and cohomology to the actions of topological transitive groupoids, see Definitions 4.11, 4.10 . A pivotal step in our construction is the generalization in Section 3 to transitive groupoids of many of the structural formulas that apply to compact group actions [16] . These formulas allow us to define the orbit category for a transitive topological groupoid (see Definition 4.2), and consequently Bredon (co)homologies.
We develop results (see Propositions 5.2 and 5.3) showing how much of the equivariant homotopy associated to an isotropy subgroup extends naturally to the action of the entire groupoid. We use this principle to define G-CW complexes which are used as the basis for our (co)homology theories. We also show how this extension principle can be applied to the structure of classifying spaces.
Every transitive groupoid with open source and target maps is Morita equivalent to the group defined by any of its (isomorphic) isotropy groups [23] . Therefore, the results of this paper can be seen as a partial Morita invariance result for the Bredon (co)homology theories. Morita invariance results have shown up in other contexts, such as in Pronk-Scull [19] who studied Morita invariance phenomena of equivariant cohomology theories, including Bredon cohomology and K-theory, in the context of orbifolds, and Williams [23] who shows how to transfer Haar systems across Morita equivalence. It is an interesting avenue for future research to see how generally this holds.
Equivariant K-theory for Lie groupoid actions has been studied by Cantarero [4] . To do this, he also defines G-CW structures. His groupoids are Lie but not assumed to be transitive, giving a more general theory in the Lie context. In order to deal with these non-transitive groupoids, he makes an extension assumption that he calls 'Bredon compatibility' that allows the K-theory to be defined. In addition, his 'cells' are rather different from what one might expect: his cells do not generalize the idea from group actions that each cell should represent only a single orbit type. His CW-structure uses 'cells' which are weakly equivalent to the action of a group on an entire finite CW-structure. Our CW-structure, besides applying to transitive topological groupoids that are not Lie, is much closer to the classical case, breaking up the space into pieces with constant orbit type, and allowing us to define Bredon theories which capture fine information about the structure of fixed sets.
The paper is organized as follows. Section 2 gives basic definitions, sets notation, and gives background material. In Section 3 we turn specifically to the study of actions of transitive groupoids, and prove the foundational results that set up the extension from group actions to that of our transitive groupoid. Section 4 defines G-CW structures and Bredon (co)homology for actions of a transitive groupoid G, and Section 5 gives extension results about principal bundles. Finally, we give some examples in Section 6.
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Background: Groupoids and Groupoid Actions
For the purposes of this paper, all spaces are assumed to be Hausdorff. In addition, because we will be working with CW structures, we will assume that all spaces are compactly generated, meaning that a subspace A is closed in X if and only if A ∩ K is closed in K for all compact subspaces K ⊆ X. This could be weakened to compactly generated weakly Hausdorff spaces, as is often done in CW theory, but this would lengthen the proofs. We also assume all maps of spaces are continuous unless otherwise specified.
Most of the material in this section, including the notation, come from [21] . Let G be a groupoid. Consider G defined by a space of objects G 0 , a space of arrows G 1 , and structure maps defining the groupoid structure. Explicitly, we have
• i : G 0 → G 1 giving the identity arrows, • the source and target maps s, t :
, where we denote composition by f • g = f g. These structure maps are required to satisfy the standard groupoid axioms:
• if f : x → y, then f i(x) = f and i(y)f = f , • (hg)f = h(gf ) for all composable f , g and h,
• f f −1 = i(y), and
Definition 2.1 (Topological Groupoid). A topological groupoid is a groupoid G in which G 0 is Hausdorff, the structure maps are continuous, and s (and hence t) is open. We will additionally require G 1 to be Hausdorff and s (and hence t) to be proper.
Without some topological conditions, we can get strange behaviour; see [23] for more about what happens without them. Henceforth, we assume that all groupoids are topological groupoids as in Definition 2.1.
Associated to a groupoid G we have the following constructs.
Definition 2.2 (Orbit Space). The orbit space G 0 /G 1 is the quotient by the equivalence relation on G 0 defined as follows: given x, y ∈ G 0 , x is equivalent to y if there exists g ∈ G 1 such that x = s(g) and y = t(g). We give the orbit space the quotient topology. 
Given a groupoid G, we can talk about actions of G on spaces.
Definition 2.5 (Right Action). A right G-space X is a space equipped with an anchor map a X : X → G 0 and an action X aX × t G 1 → X : (x, g) → xg satisfying the following conditions:
Additionally, for the purposes of this paper, we assume that the anchor map is proper. Note that it follows from the definition that if (x, g) ∈ X aX × t G 1 , then a X (x) = t(g).
Example 2.6. The object space G 0 is a right G-space with anchor map a G 0 = t, and action given by yg = x for g : x → y.
Example 2.7. Given b ∈ G 0 , another example of a right G-space is given by the target fibre G b , with anchor map given by the source map s: if g : x → y and f ∈ G b such that s(f ) = y, then the action f g is given by Remark 2.9. Given a (left) action of a group G on X, the orbit space, generally denoted X/G, is defined by equivalence classes under the equivalence x ∼ y if there is g ∈ G such that gx = y. Analogously, given a right G-space X, we have the equivalence relation on X defined by: x ∼ y if there is a g ∈ G 1 such that xg = y. The orbit space is denoted X/G. Note that even in the case of a left action, the quotient is often written on the right.
We have a notion of equivariant map for groupoids. Definition 2.10 (Equivariant Map). A G-equivariant map of G-spaces is a map ψ : X → Y which commutes with the anchor maps, so a X = a Y ψ, and commutes with the actions, so ψ(xg) = ψ(x)g.
Finally, we have products and coproducts in our category. Definition 2.11 (Product). Given two G-spaces, define the product G-space as
This defines a G-space with anchor map a(x, y) = a X (x) = a Y (y), and action defined by (x, y)g = (xg, yg) for g ∈ G 1 with t(g) = a(x) = a(y). . This anchor map is well-defined, since if y ∼ z then there exists x such that ϕ(x) = y and ψ(x) = z, and so a Y (y) = a Z (z) = a X (x). The G-action is defined by using the action on Y and Z: if y ∈ Y and t(g) = a(y) then we have
, and similarly for z ∈ Z. This is also well-defined:
Actions of Transitive Groupoids
We now turn to the study of actions of transitive groupoids, the main objects of this paper. In this section we generalize many of the structural formulas that apply to compact group actions [16] to actions of transitive groupoids. We begin by recalling the their definition.
Lemma 3.2. Let G be a transitive groupoid. Recall that we have a (left) action of the group
Proof. As shown in Example 2.7, G b is a right G-space with anchor map given by the source map s. If h ∈ G b b , then s(hg) = s(g), and so s defines a map s :
, showing injectivity of s. Surjectivity follows from the fact that G is transitive. Therefore s is a continuous bijective map. Since t is proper, G b is compact, and thus so is 
. This is a right G-space with anchor map a(x, g) = s(g), and action on the second coordinate:
In fact, for transitive groupoids, any right G-space is of the form (3.1).
Proof. Define a map ϕ :
But we have shown that this map is well-defined on equivalence classes, and so we get a continuous map ϕ :
, and so yh = y ′ and h
). Therefore we have a continuous bijective map ϕ :
It follows that ϕ is a homeomorphism. Finally, to show ϕ is G-equivariant, we have that
So the structure of a right G-space Y is determined by a fibre Y b . We get a similar result that shows that an equivariant map between G-spaces is determined by its restriction to a fibre. 
Proof. Given a G-equivariant map, we can restrict to the fibres Y b and
, and so ψ descends to a continuous map ψ :
Since ϕ is equal to ψ composed with the G-equivariant homeomorphisms of Proposition 3.4, this shows that ϕ is continuous.
and so ϕ is G-equivariant.
. We now prove that this is in fact a homeomorphism with respect to the compact-open topologies on both sets.
r g g P P P P P P P P P P P P Let p be the map sending a G
Assume V (K, U ) has non-empty intersection with the image of p. Then for any (k, g) ∈ K, we have g ∈ U 2 since for some
By definition, we have
where pr 
) with f (k) ∈ pr 1 (U ) = U 1 and g ∈ U 2 . It follows that (3.2) is an equality, and that p is continuous (see [ 
But the right-hand side is open in the compact topology on Map
Thus q is continuous, and so q • p is as well; hence ϕ → ϕ as defined in the beginning of the proof is a continuous operation.
In the other direction, let r be the map that sends a G-equivariant
In particular, the right-hand side of (3.3) is equal to
Thus r is continuous. Since it is the inverse of q • p, this finishes the proof.
In a similar vein, we can use these results to show that the quotient spaces of a G-space and its fibre agree. 
We conclude that j and r are inverses of each other, which completes the proof.
We now look at G-spaces which have trivial actions. Definition 3.9 (Fibrewise Product). Given a G-space X and a space Z we define the fibrewise product X × Z with anchor map a(x, z) = a(x), and action defined by (x, z)g = (xg, z). Proof. Assume Y is a trivial G-space. By Proposition 3.7, we identify Y with Y b × G 0 , whose anchor map is projection on the second coordinate. Then
But a Y (y b , c) = c, and so
It is clear that the anchor map and action on the right-hand side match those in Definition 3.9.
We can use this to define the notion of G-homotopy for maps. 
Bredon Homology and Cohomology
For Lie groups, the orbit category is defined to be the category of transitive G-spaces G/H, with Gequivariant maps between them. In this section we will extend this definition to transitive groupoids.
Recall that we require the target map t of a groupoid G to be proper. Hence for b ∈ G 0 , the target fibre G b , and consequently the group G b b , are both compact. Definition 4.1 (Transitive G-Space). Let G be a transitive groupoid, and let X be a G-space. Then X is a transitive G-space if X/G is a single point.
Definition 4.2 (Orbit Category)
. Let G be a transitive groupoid. Define the orbit category of G, denoted OG, to have objects given by transitive G-spaces, with G-equivariant maps between them.
We will show that this category is isomorphic to the orbit category of the group G , then the quotient G b /H via the induced left H-action is also a transitive G-space. We will show that every transitive G space is of this form.
Lemma 4.3. Suppose that G is a transitive groupoid and X is a transitive right
and we can define ϕ : G b → X by ϕ(f ) = xf . This map satisfies ϕ(hf ) = ϕ(f ) for all h ∈ H, and so ϕ passes to a continuous map on the quotient, denoted ϕ :
, we have xf = xf , and so xff
It follows that ϕ is injective. Next, since X is transitive, for anyx ∈ X there exists g ∈ G 1 such that xg =x. But then t(g) = a X (x) = b and so g ∈ G b , and we have that ϕ is surjective. It follows that ϕ is surjective. Since the action map of G on X is continuous, ϕ is continuous, and hence so is ϕ. Since
ϕ is G-equivariant, a property which descends to ϕ since the left action of G b b commutes with the action of G.
We have shown that ϕ is a G-equivariant continuous bijection. Since G b is compact (and hence so is G b /H) and X is Hausdorff, this implies that ϕ is a G-homeomorphism. The second claim follows from the first since (
The first isomorphism follows from Proposition 3.5. The second isomorphism is a standard result from equivariant homotopy theory for actions of groups. Proof. This follows from Corollaries 3.12 and 4.5.
We can now use this to define G-CW complexes when G is a CW-groupoid, meaning that G 0 and G 1 are CW complexes. We follow the presentation of May [16] in defining G-CW complexes for group actions.
Definition 4.7 (G-CW Complex)
. We can create a G-space X by an inductive procedure, starting with X 0 and creating X n+1 from X n via the following process (where S n is the n-sphere, the boundary of D n+1 , the (n + 1)-disk):
• X 0 is a disjoint union of canonical orbits
• We define (n + 1)-cells as follows. Consider trivial spaces D n+1 × G 0 , respectively S n × G 0 , as in Definition 3.8, with the canonical inclusion of S n as the boundary of
• Attaching cells: we have a set of cells
We create X n+1 as a pushout as in Definition 2.12:
Recall that G-equivariance requires that the orbit type of the image of the attaching map is contained in the orbit type H α of the attached cell. We say that X is a G-CW complex if it is a colimit of X n created by this process (with colimit topology).
Proposition 4.8. X is a G-CW complex if and only if
by Proposition 3.5, and the G-pushout restricted to the fibre X is given by the
In fact, the adjunctions used above show a stronger correspondence: the G-CW cellular structure of a G-CW complex X exactly corresponds to the G b b -CW cellular structure of the fibre X b . This allows us to immediately generalize some of the constructions of [16] to actions of transitive groupoids.
Following [16, Chapter 1, Section 4], note that any G-space X defines a contravariant functor Φ X : OG → Sp from the orbit category to spaces, defined by
Definition 4.9 (G-Coefficient System). A G-coefficient system is a functor from the homotopy orbit category hOG to Abelian groups.
For a G-CW complex X with layers defined by X n , we define a functor
. This creates a G-coefficient system: Φ X is already a functor from OG, and the introduction of the homology means it is homotopy invariant, giving a functor from hOG. Observe, however, that because our groupoid is transitive, by Corollary 4.4,
Note that as a functor, C n (X) sends all of the maps in OG to maps between relative homology groups. For example, the maps of G b /e to itself are exactly G Recall the long exact sequence for relative homology groups using the triples ((X n ) H , (X n−1 ) H , (X n−2 ) H ), whose connecting homomorphisms induce natural transformations d : C n (X) → C n−1 (X). Using these, we can define the Bredon cohomology and homology of the G-CW complex X: Definition 4.10 (Bredon Cohomology). For a G-coefficient system M , define: ) . where Hom hO G denotes natural transformations between the functor coefficient systems. The Bredon cohomology with coefficients in M is then given by the cohomology of the complex in Equation (4.1). Then the Bredon homology with coefficients in N is then given by the homology of the complex in Equation (4.2).
Thus we have defined Bredon homology and cohomology for G-CW complexes, analogous to the group case. But by Corollary 4.6, the indexing category hO G equals hO G b b . Therefore our theory for a G-space X will coincide with the G b b -theory of the fibre X b . This, combined with Corollary 3.12, also implies that these homology and cohomology theories will be invariant under G-homotopy.
We also get the following Whitehead Theorem for G-spaces (see [16] ). 
Principal G-bundles and Classifying Spaces
In this section, we look at principal G-bundles for transitive groupoids G. We begin by recalling the definition (see [11, p. 11] ).
Definition 5.1 (Principal G-Bundle). Let G be a groupoid and M a space. A principal G-bundle over M is a space P equipped with a map π : P → M and a right G-action with anchor map ǫ : P → G 0 such that
(1) the map π has local sections, (2) for every p ∈ P and g ∈ G 1 with ǫ(p) = t(g), we have π(pg) = π(p), and (3) the map µ :
is a homeomorphism.
Note that the space M above is homeomorphic to the orbit space P/G, because the map π has local sections and is therefore a quotient map. Proof. First, suppose that π : P → M is a principal G-bundle. The local sections of the map π will give local sections for the restriction π : P b → M . Also, for every p ∈ P b and g ∈ G b b , we have π(pg) = π(p) since this is true for P → M . So we need to verify Condition (3) of Definition 5.1 to prove that
The map µ :
b then pg ∈ P b also. Since µ is injective, the restriction is as well.
Fix (p, q) ∈ P b × P b . Since µ is surjective, there exists (p, g) ∈ P ǫ × t G 1 such that (p, pg) = (p, q). But since both p and q are in P b we must have g ∈ G b b . So the restriction of µ is bijective. Since µ is continuous, its restriction is as well. Since ǫ is proper, P b and hence P b ǫ × t G 1 is compact. Since P b × M P b is Hausdorff, the restriction of µ is a homeomorphism, and this proves that π :
This is well-defined:
′ is a principal G-bundle, in which case the proof is complete with We need to show that
and µ is bijective. Continuity of µ follows from the continuity of the right action of
Since ǫ is proper and target fibres of G are compact, the domain of µ is compact. Since the codomain of µ is Hausdorff, we conclude that µ is a homeomorphism.
The last claim, that the operations are inverses of each other, is clear from the construction.
The next goal is to show that EG has the structure of a G-CW complex, which is a corollary of the following proposition. 
But this follows from the definition of EG, Proposition 3.5, and Proposition 5.2. 
Examples
In this section we give examples of calculating Bredon cohomology for G-spaces, and of how we can apply our results.
Example 6.1. We consider the transitive groupoid G given as an example in [22] : G 0 = {a, b} and
with relations s 2 = u and t 2 = v, where the structure is pictured as follows:
This is a finite groupoid, and is a topological groupoid with the discrete topology. Recall that the layers for a G-CW complex are given by
, and G b = {v, t, x, y}. We will create X as follows: start with two 0-cells
Note that each 0-cell here is topologically two discrete points; we will denote the points of the first cell by a and b , and the Note that since G is discrete, this is just two copies of the fibre X b , which is the Z/2-space given by reflections of the circle S 1 through a fixed axis, the so-called 'flip action'.
Example 6.2. We can create a continuous version of the space described in Example 6.1. In [8] , they describe how to create a transitive gauge groupoid from a principal bundle. We consider the double cover of Example 6.3. We use the G-CW structure of Examples 6.1 and 6.2 to calculate Bredon cohomology for a couple coefficient systems. Both of these spaces will have orbit categories of the same shape for their diagrams, given by G/e → G/G with a Z/2 action on G/e, and the same G-CW complex C n (X). This is given by C 0 (X) = (Z ⊕ Z id −−→ Z ⊕ Z), with identity map and trivial Z/2-action, and C 1 (X) = (0 ֒→ Z ⊕ Z) where we have a non-trivial action of Z/2 that swaps the copies of Z.
If we consider the coefficient system A = Z → 0, we calculate that Hom n (C n (X), A) is given by the chain complex Z ⊕ Z → 0. In this case, the Bredon cohomology recovers the cohomology of the fixed set X Example 6.4. Let (M, ω) be a connected symplectic manifold equipped with a free right Hamiltonian action of a compact Lie group G, with proper G-equivariant momentum map Φ : M → g * with respect to the coadjoint action of G on g * (which we take to be a right action). Fix a regular value b ∈ g * of Φ, let O be its coadjoint orbit, and set Y = Φ −1 (O). Finally, let G be the action groupoid O × G ⇒ O, which is transitive.
Y is a G-space, where the G-action is simply the G-action (recall that Y is G-invariant since Φ is Gequivariant) and the anchor map is Φ. From Proposition 3.6 we obtain a homeomorphism between two standard representations of the symplectic quotient with respect to b: Φ −1 (b)/ G b b and Φ −1 (O)/G. This homeomorphism is also a consequence of a well-known fact in symplectic geometry (that the two quotients are symplectomorphic); see [18, Theorem 6.4.1] .
